Let K be a a Lie group, modeled on a locally convex space, and M a finite-dimensional paracompact manifold with corners. We show that each continuous principal K-bundle over M is continuously equivalent to a smooth one and that two smooth principal K-bundles over M which are continuously equivalent are also smoothly equivalent. In the concluding section, we relate our results to neighboring topics.
Introduction
This paper deals with the close interplay between continuous and smooth principal K-bundles over M , where K is a Lie group modeled on an arbitrary locally convex space (following [Mi84] ) and M a finite-dimensional paracompact manifold with corners. The main point here is that there is no essential difference between the two concepts as long as one is only interested in equivalence classes of bundles (as one usually is).
We denote the set of equivalence classes of continuous K-principal bundles over M by H 1 c (M, K) and the set of equivalence classes of smooth K-principal bundles over M byȞ 1 s (M, K), which is only a nomenclature for now. Since each smooth principal bundle is in particular continuous, we have a natural mapȞ 1 arbitrary finite-dimensional principal bundles. In the infinite-dimensional case, the classifying space of the diffeomorphism group B Diff(N ) for a compact manifold N , which can be viewed as a nonlinear Grassmanian, can also be given a smooth structure [KM97, 44.21] . Smooth structures on classifying spaces are considered in [Mo79] , but only generalized de Rham cohomologies are constructed, and bundle theory is not discussed. However, a general theory for differentiable structures on classifying spaces seems to be missing. On the other hand, there exist partial answers to the above question arising from the comparison of continuous and analytic fiber bundles (cf. [Gr58] , [To67] and [Gu02] ). Since these considerations use strong constraints on the structure group (e.g. its compactness in order to ensure a smooth structure on its classifying space, they cannot be used in the generality that we are aiming for.
We now describe our results in some detail. In the first section, we recall the basic facts on continuous and smooth principal bundles with a focus on the description of bundles and bundle equivalences in terms of locally trivial covers and transition functions. Furthermore, we recall briefly the concept of differential calculus and the concept of manifolds with corners that we use in this text. In the end, we outline how to prove our results for finite-dimensional structure groups by using smooth structures on classifying spaces.
The second section is exclusively devoted to the proofs of our main results and to their technical prerequisites. Lacking any smooth structure on classifying spaces in general, we have to employ totally different techniques coming from approximation results for Lie group-valued functions (cf. Proposition I.13). This enables us to smooth representatives of continuous bundles or bundle equivalences in combination with the fact that there is a large freedom of choice in the description of principal bundles by locally trivial covers and transition functions. In this way, we construct new representatives of bundles and bundle equivalences that satisfy cocycle or compatibility conditions on probably finer locally trivial covers, but which describe equivalent objects. Since this technique uses heavily the local compactness of the base manifold, there seems to be no generalization of this method to infinite-dimensional base manifolds. Eventually, we discover that the existence of smooth equivalent bundles and smooth equivalences are a feature of convexity and continuity rendering further requirements on B K unnecessary. As it is explained in the last section, the following theorems assert the surjectivity and injectivity, respectively, of the mapȞ 
Theorem (Smoothing Continuous Principal Bundles)
. Let K be a Lie group modeled on a locally convex space, M be a connected paracompact manifold with corners and P be a continuous principal K-bundle over M . Then there exists a smooth principal K-bundle P over M and a continuous bundle equivalence Ω : P → P.
Theorem (Smoothing Continuous Bundle Equivalences). If P and P
′ are smooth principal K-bundles over the connected paracompact manifold with corners M and Ω : P → P ′ is a continuous bundle equivalence, then there exists a smooth bundle equivalence Ω : P → P ′ .
In the third section we relate our results to some neighboring topics, in particular to nonabelianČech cohomology and to twisted K-theory.
I Principal Fiber Bundles
In this section we provide the basic material concerning manifolds with corners and smooth and continuous principal bundles.
Definition I.1 (Continuous Principal Bundle). Let K be a topological group and M be a topological space. Then a continuous principal K-bundle over M (or shortly a continuous principal bundle) is a topological space P together with a continuous right action P × K → P , (p, k) → p · k, and a map η : P → M such that there exists an open cover (U i ) i∈I of M , called a locally trivial cover, and homeomorphisms
and Ω(p · k) = Ω(p) · k. Here K acts on U i × K by right multiplication in the second factor. We will use the calligraphic letter P for the tuple (K, η : P → M ).
A morphism of continuous bundles or a continuous bundle map between two principal Kbundles P and P ′ over M is a continuous map Ω :
We call Ω a continuous bundle equivalence if it is an isomorphism and Ω # = id M .
Remark I.2 (Transition Functions).
If P is a continuous principal K-bundle over M , then the local trivializations define continuous mappings k ij :
On the other hand, if (V i ) i∈I is an open cover and k = (k ij ) i,j∈I is a collection of continuous maps k ij : V i ∩ V j → K that satisfy condition (2), then
. We will write P k for a bundle determined by a collection (M, K,
If k arises from the local trivializations of a given bundle P as in (1), then
defines a bundle equivalence between P and P k whose inverse is given by [i,
i (x, k). Definition I.3 (Differential Calculus on Locally Convex Spaces). (cf. [GN05] ) Let E and F be locally convex spaces and U ⊆ E be open. Then f : U → F is called continuously differentiable or C 1 if it is continuous, for each v ∈ E the differential quotient
exists and the map df : U × E → F is continuous. For n > 1 we, recursively define
. . , n and is continuous. We say that f is C ∞ or smooth if it is C n for all n ∈ AE.
Definition I.4 (Lie Group). From the definition above, the notion of a Lie group is clear. It is a group which is a smooth manifold modeled on a locally convex space such that the group operations are smooth.
Remark I.5 (Convenient Calculus). We briefly recall the basic definitions of the convenient calculus from [KM97] . Again, let E and F be locally convex spaces. A curve f : Ê → E is called smooth if it is smooth in the sense of Definition I.3. Then the c ∞ -topology on E is the final topology induced from all smooth curves f ∈ C ∞ (Ê, E). If E is a Fréchet space, then the c ∞ -topology is again a locally convex vector topology which coincides with the original topology [KM97, Th. 4.11]. If U ⊆ E is c ∞ -open, then f : U → F is said to be of class C ∞ or smooth if
i.e. if f maps smooth curves to smooth curves. 
and such that the corresponding coordinate changes are smooth (cf. [Le03] ). The crucial point here is the notion of smoothness for non-open domains. The usual notion is to define a map f : A ⊆ Ê n → Ê m to be smooth if for each x ∈ A, there exists a neighborhood U x of x which is open in Ê n , and a smooth map f x : U x → Ê m such that f x | A∩Ux = f | A∩Ux . A more general concept of manifolds with corners modeled on locally convex spaces can be found in [Mi80] , [Wo06] and [GN05] , along with the appropriate definitions of differentiable or smooth functions. Basically, in this setting, a map on a non-open domain with dense interior is defined to be smooth if it is smooth on the interior and differentials extend continuously to the boundary.
Remark I.7 (Paracompact Spaces). We recall some basic facts from general topology. If X is a topological space, then a collection of subsets (U i ) i∈I of X is called locally finite if each x ∈ X has a neighborhood that has non-empty intersection with only finitely many U i , and Remark I.9 (Smooth Structure on Smooth Principal Bundles). If P is a smooth principal bundle, then we define on P the structure of a smooth manifold with corners by requiring the local trivializations
that define the smooth transition functions from Definition I.8 to be diffeomorphisms. This actually defines a smooth structure on P , since it is covered by (η −1 (U i )) i∈I and since the coordinate changes
are smooth because the k ij are assumed to be smooth. A continuous bundle map between smooth principal bundles is called a morphism of smooth principal bundles (or a smooth bundle map) if it is smooth with respect to the the smooth structure on the bundles just described.
Remark I.10 (Bundle Equivalences). If P and P ′ are two principal K-bundles over M , then there exists an open cover (U i ) i∈I of M such that we have local trivializations
is simultaneously a locally trivial cover for both P and P ′ , and the local trivializations are given by restricting the original ones.
If P k and P k ′ are given by transition functions k ij and k ′ ij with respect to the same open cover (U i ) i∈I (i.e., k ij :
we thus obtain continuous maps f i : U i → K satisfying the compatibility condition
has to be mapped to the same element of P k ′ by Ω. On the other hand, if for each i ∈ I we have continuous maps f i : U i → K satisfying (4), then
defines a bundle equivalence between P k and P k ′ which covers the identity on M .
If P k and P k ′ are smooth and the maps k ij and k ′ ij are smooth, then it follows directly from (3) that a bundle equivalence described by continuous maps f i : U i → K is smooth if and only if these maps are smooth. Proof. Let O k ⊆ GL k (Ê) denote the orthogonal group. If k is sufficiently large, then we may identify K with a subgroup of O k , and from [St51, Th. 19.6] we get the following formulae:
Thus EK and BK are smooth manifolds by [Gl05, Th. 3 .1], and since the action of K is smooth, it follows that EK → BK is a smooth K-principal bundle.
Proposition I.13 (Smoothing Finite-Dimensional Principal Bundles). If P is a continuous principal K-bundle over M , K is a finite-dimensional Lie group and M is a finitedimensional manifold with corners, then there exists a smooth bundle which is continuously equivalent to P. Moreover, two smooth principal K-bundles over M are smoothly equivalent if and only if they are continuously equivalent.
Proof. Let C be a maximal compact subgroup of K. Since K/C is contractible, there exists a Creduction of P, i.e., we may choose a locally trivial open cover (U i ) i∈I with transition functions k ij that take values in C. They define a continuous principal C-bundle which is given by a classifying map f : M → BC.
By Lemma I.11, f is homotopic to some smooth map f : M → BC which in turn determines a smooth principal C-bundle P over M given by smooth transition functions k ij . Furthermore, since f and f are homotopic, P and P are equivalent, and we thus have a continuous bundle equivalence given by continuous mappings f i : U i → K. The claim follows if we regard k ij , k ij and f i as mappings into K.
Since smooth bundles yield smooth classifying maps and smooth homotopies of classifying maps yield smooth bundle equivalences (all the constructions in the topological setting depend only on paritions of unity which we can assume to be smooth here), the second claim is also immediate.
II Equivalences of Smooth and Continuous Bundles
In this section, we prove the two main results of this paper. We start with the description of two important tools: a proposition for smoothing continuous maps and a lemma for fading out continuous functions. Then we provide some technical data for the proofs, namely covers of the paracompact base manifold with corners and suitable identity neighborhoods in the Lie group. On this basis, we finally prove our claims after outlining the underlying ideas in Remark II.10.
Remark II.1 (Topology on C(X, G)). If X is a Hausdorff space and G is a topological group, then C(X, G) c denotes the topological group of continuous functions with respect to pointwise multiplication and the topology of compact convergence. A basic open identity neighborhood in this topology is given by
for a compact subset C ⊆ X and an open identity neighborhood W ⊆ G. 
Proposition II.2 (Smoothing). Let M be a manifold with corners, K a Lie group modeled on a locally convex space and f ∈ C(M, K). If A ⊆ M is closed and U ⊆ M is open such that f is smooth on a neighborhood of
Proof. Since M is paracompact, it is also normal (see Remark I.7). The closed sets M \ A 0 and B are disjoint by assumption, so the Urysohn Lemma as in [Br93, Th. I.10.2] yields a continuous function λ :
We use this to define the continuous function
that satisfies, by the choice of λ, f λ | B = f | B and f λ | ∂A = e because ∂A ⊆ M \ A 0 . So we may extend f λ to the continuous function
that satisfies all requirements. Proof. For every x = (x 1 , . . . , x d ) ∈ C, there is an ε x > 0 such that
+ form an open cover of the compact set C, of which we may choose a finite subcollection (V xi ) i=1,...,m covering C. The union V := m i=1 V xi satisfies all requirements. In particular, V is a compact manifold with corners, because it is a finite union of cubes whose sides are orthogonal to the coordinate axes. 
Proposition II.6 (Nested Covers
holds whenever 0 ≤ µ < λ ≤ ∞.
Proof. For every x ∈ M , we have x ∈ U j(x) for some j(x) ∈ J. Let (U x , ϕ x ) be a chart of M around x such that U x ⊆ U j(x) . We can even find an open neighborhood V x of x whose closure V x is compact and contained in U x . Since M is paracompact, the open cover V x x∈M has a locally finite subordinated cover (V i ) i∈I , where
Since M is also Lindelöf, we may assume that I = AE.
To find suitable covers U
[∞] i and U
[0]
i , we are going to enlarge the sets V i so carefully in two steps that the resulting covers remain locally finite. More precisely, U i will be defined inductively so that even the family (V i k ) k∈AE with
is still a locally finite cover of M for every i ∈ AE 0 . We already know this for i = 0, because 
whose closures are compact manifolds with corners, because they are a finite union of cubes under the chart ϕ x(i) . On the one hand, the construction guarantees
On the other hand, the cover V i k k∈AE is locally finite, because it differs from the locally finite
For a proof of the second claim, we fix an enumeration λ 1 , λ 2 , . . . of L for an inductive construction of the covers. Then for any n ≥ 1 and i ∈ AE, we apply Lemma II.5 to C :
, where λ (resp. λ) is the smallest (resp. largest) element of λ 1 , . . . , λ n−1 larger than (resp. smaller than) λ n for n > 1 and ∞ (resp. 0) for n = 1. We get open sets U
holds whenever 0 ≤ µ < λ ≤ ∞ are elements in {λ 1 , . . . , λ n }, and eventually in L. This completes the proof.
Remark II.7 (Locally Finite Covers by Compact Sets). If U i i∈I is a locally finite cover of M by compact sets, then for fixed i ∈ I, the intersection U i ∩ U j is non-empty for only finitely many j ∈ I. Indeed, for every x ∈ U i , there is an open neighborhood U x of x such that I x := {j ∈ I : U x ∩ U j = ∅} is finite. Since U i is compact, it is covered by finitely many of these sets, say by U x1 , . . . , U xn . Then J := I x1 ∪ · · · ∪ I xn is the finite set of indices j ∈ J such that U i ∩ U j is non-empty, proving the claim.
Remark II.8 (Intersections). From now on, multiple lower indices on subsets always indicate intersections, namely
Lemma II.9 (Suitable Identity Neighborhoods). Let M be a manifold with corners that is covered locally finitely by countably many compact sets U i i∈AE . Moreover, let k ij : U ij → K be continuous functions into a Lie group K modeled on a locally convex space so that k ij = k 
for all x ∈ U ijnα , i < j < n and α in AE,
Proof. We start with the observation that all identity neighborhoods in conditions (6) and (7) share the same index α, so we construct just the identity neighborhoods with a fixed α ∈ AE at a time, independently of all the others. We set W α i := W for all i, respectively W α ij := W for all i < j, disregarding the conditions (6) and (7) initially.
Our first goal is to satisfy (6). We note that the condition in (6) becomes trivial if U jα is empty, because this implies U ijα = ∅. So we need to consider at most finitely many conditions (6) corresponding to the finitely many j ∈ AE such that U jα = ∅ (see Remark II.7), and we deal with those inductively in decreasing order of j, starting with the maximal such index.
For fixed j and all i < j with U ijα = ∅, we describe below how to make the ϕ-convex identity neighborhoods W α ij and W α i on the left hand side smaller so that the corresponding conditions (6) are satisfied. Making W α ij and W α i smaller does not compromise any conditions that we guaranteed before, because these sets can only appear on the left hand side of such conditions.
To satisfy condition (6) for given i < j and W α j , we note that the function
is continuous and maps all the points (x, e, e) for x ∈ U ijα to the identity e in K. 
Since U ijα is compact, it is covered by finitely many U x , say by (U x ) x∈F for a finite set x ∈ F . Then we replace W 6) is satisfied Our second goal is to make the sets W α ij also satisfy (7), which is non-trivial for the finitely many triples (i, j, n) ∈ AE 3 with i < j < n that satisfy U ijnα = ∅, again by Remark II.7. We can argue as above, except for a slightly more complicated order of processing the sets W α jn on the right hand side. Namely, we define the following total order
on pairs of real numbers, in particular on pairs of indices (i, j) in AE × AE with i < j. Note that this guarantees (i, j) < (j, n) and (i, n) < (j, n) whenever i, j, n are as in condition (7). We process the pairs (j, n) with U ijnα = ∅ for some i in descending order, starting with the maximal such pair. At each step, we fix W α jn and make W α ij and W α in smaller for all relevant i < j so that (7) is satisfied. This does not violate any conditions (6) or (7) that we guaranteed earlier in the process, because W α ij and W α in can only appear on the left hand side of such conditions. For the choice of the smaller identity neighborhoods, we use the continuous function
and the compactness of U ijnα and argue as before. We thus accomplish our second goal.
Remark II.10 (Outline of the Proofs). Although the proofs of our main results are quite technical, the underlying ideas are easy to explain. The following two theorems require us to construct principle bundles and/or equivalences between them, and we always do so locally on countable covers of the base manifold by induction. In these constructions, every new transition function (respectively, every new local representative of an equivalence)
• is already determined by cocycle conditions (respectively, by compatibility conditions) on a subset of its domain,
• from which it will be "faded out" to a continuous function on the whole domain
• and smoothed, if necessary.
In each such step, we need a safety margin to modify the functions without compromising previous achievements too much, and these safety margins are the numerous open covers provided by Proposition II.6. In order to "fade out" appropriately, we need to make sure that the values of the corresponding functions stay in certain identity neighborhoods of the structure group. This is achieved with the data from Lemma II.9.
Theorem II.11 (Smoothing Continuous Principal Bundles). Let K be a Lie group modeled on a locally convex space, M be a connected manifold with corners and P be a continuous principal K-bundle over M . Then there exists a smooth principal K-bundle P over M and a continuous bundle equivalence Ω : P → P.
Proof. We assume that the continuous bundle P is given by P k as in Remark I.2, where (U j ) j∈J is a locally trivial cover of M and k ij : U ij → K are continuous transition functions that satisfy the cocycle condition
for all i ∈ AE. For every i ∈ AE, we denote by U i an open set of the cover
and observe that (U i ) i∈AE is still a locally trivial open cover of M . In our construction, we need open covers not only for pairs (j, n) ∈ AE × AE with j < n, but also for pairs (j − 1/3, n), (j − 2/3, n) in-between and (n, n) to enable continuous extensions and smoothing. The function
is tailored to map the pairs (0, 1), (1, 1), (1, 2), (2, 2), (1, 3), (2, 3), (3, 3), (1, 4) , . . . to the integers 0, 1, 2, . . . , respectively, and the other pairs in-between. If we apply the second part of Proposition II.6 to the countable subset L := (im λ) \ {0} of (0, ∞), we get open sets U
for all pairs (j, n) in the domain of λ such that U
[jn] i i∈AE are again locally finite covers. We note that
Let ϕ : W → ϕ(W ) be an arbitrary convex centered chart of K and consider the countable compact cover U of M , which uniquely determines a smooth principal K-bundle P = P k by Remarks I.2 and I.9. These maps k ij will be constructed step-by-step in increasing order with respect to (8), starting with the minimal index (1, 2). At all times during the construction, the conditions
ijn for i < j < n in AE and
jnα ⊆ W α jn for all j < n and α in AE,
will be satisfied whenever all k ij involved have already been constructed. We are now going to construct the smooth maps k jn for indices j < n in AE (and implicitly k nj as k nj (x) := k jn (x) −1 ), assuming that this has already been done for pairs of indices smaller than (j, n).
• To satisfy all relevant cocycle conditions, we start with
This smooth function is well-defined, because the cocycle conditions (a) for lower indices assert that for any indices i ′ < i < j and any point x ∈ U
, we have
is contained in both U
[ij]
• Next, we want to extend the smooth map k
jn without compromising the cocycle conditions too much. To do this, we consider the function ϕ jn := k
ijnα , conditions (b) above and (7) of Lemma II.9 imply
is contained in both U • We finally get the smooth map k jn : U 
jnα . Note that O jn is really open, because Remark II.7 asserts that just finitely many of the sets U This concludes the construction of the smooth principal K-bundle P. We use the same covers of M and identity neighborhoods in K for the construction of continuous functions f i :
jn for j < n in AE and
and Remark I.10 tells us that the restriction of the maps f i to the sets U jn of the open cover. We start with the constant function f 1 ≡ e, which clearly satisfies condition (d). Then we construct f n for n > 1 inductively as follows:
• To satisfy condition (c), we start with
This continuous function is well-defined, because the conditions (c) for
holds for all x ∈ U 
so that the values of f This concludes the construction of the bundle equivalence.
Theorem II.12 (Smoothing Continuous Bundle Equivalences). If P and P ′ are smooth principal K-bundles over the connected manifold with corners M and Ω : P → P ′ is a continuous bundle equivalence, then there exists a smooth bundle equivalence Ω : P → P ′ .
Proof. Let (U j ) j∈J be an open cover of M that is locally trivial for both bundles P and P ′ .
Proposition II.6 yields locally finite open covers U i are compact manifold with corners and
holds for all i, j ∈ AE, where U i denotes a suitable set of the cover (U j ) j∈J for every i ∈ AE.
According to Remarks I.2 and I.9, we may then describe the smooth bundles P and P ′ by smooth transition functions k = (k ij ) i,j∈AE and k from above. In these local descriptions of the bundles, the bundle equivalence Ω can, as in Remark I.10, be seen as a family f i : U i → K of continuous maps for i ∈ AE that satisfy
We shall inductively construct smooth maps f i :
ij for all i < j in AE and
are satisfied at each step, where the W α i are ϕ-convex identity neighborhoods provided by Lemma II.9 that we apply to the countable compact cover U
[0] i i∈AE , to the transition functions k ′ ij , and to a convex centered chart ϕ : W → ϕ(W ) of K (we do not need the W α ij in this proof). These maps f i describe a smooth bundle equivalence between P and P ′ when restricted to the open
for all i < j, in particular.
To construct the smooth function f 1 :
1 → K, we apply Proposition II.2 to the continuous map f := f 1 on M := A := U := U 1 → K inductively for j > 1, we need the usual three steps:
• In order to satisfy (b) in the end, we define a smooth map
If x is an element of both U • This definition of f ′ j , along with (9) and property (6) in Lemma II.9 assert that
, O j , and to f := Φ j ·f j , then we obtain a smooth map f j : U . Now each cocycle k ij : U ij → K defines a principal bundle P with locally trivial cover U. We may assume by Theorem II.11 that P is continuously equivalent to a smooth principal bundle P, and thus that U is also a locally trivial covering for P. This shows that the map is surjective, and the injectivity follows from Theorem II.12 in the same way. Accordingly, the map induced on the direct limit is a bijection.
Remark III.4 (The Projective Unitary Group). Let H be a separable infinite-dimensional Hilbert space and denote by U(H) the group of unitary operators. If we equip U(H) with the norm topology, then the exponential series, restricted to skew-self-adjoint operators L(U(H)), induces a Banach-Lie group structure on U(H) (cf. [Mi84, Ex. 1.1]). Then U(1) is a normal subgroup of U(H), and it can also be shown that PU(H) := U(H)/ U(1) is a Lie group modeled on L(U(H))/iÊ.
Remark III.5 (Eilenberg-MacLane Spaces). If X is a topological space with non-trivial n-th homotopy group π n (X) for all but one n ∈ AE, then it is called an Eilenberg-MacLane space K(n, π n (X)). Since U(1) is a K(1, ), the long exact homotopy sequence [Br93, Th. VII.6.7] shows that PU(H) is a K(2, ), since U(H) is contractible [Ku65, Th. 3] . By the same argument, the classifying space B PU(H) is a K(3, ), since its total space E PU(H) is contractible. Thuš PU(H) ) define the twisted K-theory K P (M ). Now Theorem II.11 implies that we may assume P to be smooth. Since the action of PU(H) on Fred(H) is locally given by conjugation, it is smooth, whence is P Fred(H) . Due to Lemma I.11, we may, in the computation of K P (M ), restrict our attention to smooth sections and smooth homotopies.
